The origin of the observed masses and mixing angles of quarks and leptons is one of imperative subjects in and beyond the standard model. Toward a deeper understanding of flavor structure, we investigate in this paper the minimality of fermion mass (Yukawa) matrices in unified theory. That is, the simplest matrix form is explored in light of the current experimental data for quarks and leptons, including the recent measurements of quark CP violation and neutrino oscillations. Two types of neutrino mass schemes are particularly analyzed; (i) Majorana masses of left-handed neutrinos with unspecified mechanism and (ii) Dirac and Majorana masses introducing three right-handed neutrinos. As a result, new classes of neutrino mass matrices are found to be consistent to the low-energy experimental data and high-energy unification hypothesis. For distinctive phenomenological implications of the minimal fermion mass textures, we discuss flavor-violating decay of charged leptons, the baryon asymmetry of the universe via thermal leptogenesis, neutrino-less double beta decay, and low-energy leptonic CP violation.
Introduction
While the standard model successfully describes the gauge interactions of quarks and leptons, the origin of fermion masses and mixing angles is not yet understood. The standard model treats these quantities as free parameters, namely the coupling constants of Yukawa interactions. In the three-generation framework, Yukawa couplings are given by complex 3 × 3 matrices in the generation space. A natural way to remedy the problem is to assume that some physics at high-energy scale dynamically controls Yukawa couplings and brings us the observed patterns of masses and mixing angles.
Along this line, various forms of Yukawa matrices have been discussed in the literature both for quarks and leptons. For the quark sector, possible small numbers of non-vanishing matrix elements have been examined [1] whether they are consistent with the experimental results, and the obtained forms of matrices have provided us clues to find symmetry or dynamics behind the Yukawa interactions. There have also been many studies about possible non-vanishing elements of lepton Yukawa matrices. In particular, neutrino mass matrices are classified from various standpoints [2] and that gives new insights about neutrino models to produce the observed data. Simultaneous treatments of quark and lepton Yukawa matrices lead to the investigations in unified theory based on the gauge groups such as SU (4) [3] , SU (5) [4] , SO(10) [5] , and E 6 [6] . An interesting point of unified theory is that the unification of standard model gauge groups implies non-trivial relations among various coupling constants including Yukawa couplings. The cerebrated bottom/tau unification [7] and other theoretical predictions for masses and mixing angles [8] suggest that the unification hypothesis might provide us a deeper understanding of Yukawa matrices.
The recent experimental data on fermion masses and mixing angles, however, gives us some questions about the unification hypothesis. In particular, the neutrino oscillation experiments have been bringing out the structure of leptonic generation mixing which indicates some kind of quark-lepton asymmetry, that is, large lepton mixing against small quark mixing. In the light of quark-lepton unification, that seems somewhat unnatural since the generation structure of quarks is often correlated to that of leptons in unified theory. A possible solution to avoid such an intuitive result is to assume fermion mass matrices which are non-symmetric in the generation space [9] . This idea may have dynamical verification, e.g. in SU (5) unification where right-handed down-type quarks are combined with left-handed charged leptons. Consequently, since their mass matrices are generally left-right asymmetric, large leptonic mixing is derived without disturbing quark mixing angles, and can be consistent with unified gauge symmetry. * Given this fact, it is meaningful to explore general, not necessarily symmetric, forms of mass (Yukawa) matrices for quarks and leptons including the neutrino sector. With a throughout analysis in the light of the recent experimental data of quarks as well as leptons, new insights into the origin of generation structure are expected to be obtained.
In a previous work [11] , we have analyzed in detail the quark sector where the down-quark mass matrices are of asymmetrical forms. Based on the minimality principle, namely with the smallest number of non-vanishing matrix elements, we have found 6 patterns of up and down-quark matrices which are entirely accommodated to the observed values of quark mass and mixing parameters. In addition, they are capable of leading to large leptonic mixing via SU (5) relation. In this paper, we complete the analysis by exploring lepton (neutrino) mass matrices with the minimal number of independent mass matrix elements. We consider two types of schemes for neutrino masses. The first is to analyze light Majorana masses of the three-generation left-handed neutrinos, that is, 3×3 Majorana mass matrices. The second scheme introduces three right-handed neutrinos which have large Majorana masses and also Dirac masses with the left-handed ones. In this scheme, we are lead to simultaneously analyze the minimality of Dirac and Majorana mass matrices. The purposes of this paper are to present the simplest forms of lepton mass matrices with which the 6 quark mass textures previously found are compatible and also to study some phenomenology related to the obtained forms of lepton mass matrices. The paper is organized as follows. In Section 2, we describe the standard form of Yukawa interactions of quarks and leptons, and introduce several parameters and their experimental values needed in later analysis. In Section 3, we revisit the quark mass textures found in the previous work to examine the discrepancy between down-type quarks and charged leptons, especially for the first and second generations. Based on these results, the minimality is explored for two types of neutrino mass models; Majorana mass matrices of left-handed neutrinos (in Section 4) and Dirac and Majorana masses introducing righthanded neutrinos (in Section 5). Section 6 is devoted to analyzing some phenomenological issues of the lepton mass textures found in the previous sections. Section 7 summarizes our results.
Formulation and input parameters
We first present the standard-model formulation of Yukawa interactions for quarks and leptons and the observed values of mass and mixing parameters, which are used as input parameters. The Yukawa terms invariant under the standard-model gauge transformations are given by
where Q and L denote the electroweak doublets of left-handed quarks and leptons, Q = (u L , d L ) T and L = (ν L , e L ) T , and u R , d R , e R are the right-handed up-type quarks, downtype quarks and charged leptons, respectively. The Yukawa coupling constants Y u , Y d and Y e are complex-valued 3 × 3 matrices (i and j are generation indices running over 1 to 3), and H is the Higgs doublet. There is no renormalizable Yukawa term for neutrinos in the standard model. After the electroweak symmetry breaking, these Yukawa interactions lead to the following quark and lepton mass terms:
where v is the vacuum expectation value of the neutral component of Higgs scalar H. In addition to the above mass terms for charged fermions, one may consider Majorana mass term for left-handed neutrinos, taking into account the electroweak symmetry breaking.
That is parametrized as
where C is the charge conjugation matrix. The Majorana mass matrix is generally complexvalued and has a symmetry property M L T = M L . Throughout this paper, we assume that light neutrinos are Majorana particles. The generation mixings are described by the Cabibbo-Kobayashi-Maskawa (CKM) matrix [12] for quarks and the Maki-Nakagawa-Sakata (MNS) matrix [13] for leptons, each of which consists of two unitary matrices
These unitary matrices diagonalize the mass matrices of quarks and leptons as 
, respectively, where all the eigenvalues are made real and positive. As for the neutrino masses, M D L = diag (m 1 , m 2 , m 3 ) and the squared mass differences are defined as ∆m 2, 3) , which are the observables in neutrino oscillation experiments.
The current masses for quarks and charged leptons at the Z-boson mass scale are evaluated including various effects such as QCD coupling effects [14, 15] in GeV unit. For the charged lepton masses, we have neglected errors and will refer to the above fixed values because the errors of charged lepton masses are very small and do not affect the analysis of mass matrix forms.
The physical mixing parameters in the quark sector are 3 mixing angles and 1 complex phase in the CKM matrix. The measured magnitudes of the CKM matrix elements are [14] (2.8) From various observations of CP-violating processes in the quark sector, the rephasinginvariant measure of CP violation [16] is given by
In addition, the experimental study of the B-meson decay to charmoniums indicates [17] sin 2φ 1 /β = 0.726 ± 0.037, (2.10) where φ 1 = β is one of the angles of the unitary triangle for the B-meson system which is defined as
. The physical mixing parameters in the lepton sector are 3 mixing angles and 3 complex phases in the MNS matrix for Majorana neutrinos. We use the following parametrization for the mixing matrix: 
11) where c ij ≡ cos θ ij , s ij ≡ sin θ ij , and δ is the CP-violating Dirac phase. The parameters ρ and σ are the Majorana phases, which are irrelevant to neutrino flavor oscillations. In general, a 3×3 unitary matrix contains 3 rotation angles and 6 complex phases, and a redefinition of lepton fields can remove 3 complex phases. Therefore the above parametrization covers the most general mixing matrix in the case that neutrinos are Majorana particles.
The information on the first and second generation neutrinos is extracted, e.g. from the solar neutrino experiments [18] and the KamLAND reactor anti-neutrino experiment [19] . The Super-Kamiokande experiment [20] , the K2K long-baseline experiment [21] and the CHOOZ reactor experiment [22] probe the energy region ∼ 10 −(1−2) eV and bring out the information including the third generation neutrino. Recent global analyses taking into account three-generation effects suggest [23] (2.12) at the 3σ level. One interesting observation is that the best fit value of the atmospheric angle θ 23 is the maximal one (45 • ), while the maximal mixture of the solar neutrinos is disfavored more than the 5.6σ level [23] . As will be seen in later sections, the significant deviation of the solar angle θ 12 from the maximal one plays an important role to search for the minimal forms of neutrino mass textures.
Charged-fermion mass matrices
Before proceeding to the analysis of neutrino sector, we discuss the charged lepton mass matrix in unified theory based on the minimal quark mass matrices previously found. It turns out below that the minimal form of charged-fermion mass matrices is uniquely determined if one takes into account the discrepancy in mass eigenvalues between downtype quarks and charged leptons. In this section, after briefly reviewing the minimal forms of M u and M d , we examine a way to understand such discrepancy with group-theoretical factors in unified theory.
The minimal mass matrices for quarks
In Ref. [11] , we systematically investigated the minimality of quark mass matrices M u and M d , including the case that M d is non-symmetric in the generation space. Here the term "minimality" means that the mass matrices successfully describe the experimental data with as few numbers of non-vanishing elements as possible. In other words, we have searched for the maximal number of vanishing matrix elements such that they are consistent with the observations. It is noted that the number of zero elements is that of independentlyvanishing elements in each matrix. For example, for a symmetric matrix, "1 zero" implies that a diagonal element or a pair of off-diagonal elements in symmetric positions takes a negligibly small value compared to the others. Through the exhaustive analysis based on such minimality principle, we have found that the 6 patterns of up and down quark matrices explain all the observations in the quark sector. Table 1 is the list of these 6 texture patterns. Each set of the minimal mass textures has 7 (= 3 + 4) zero elements [i.e. 8 (= 3 + 5) independent elements] in the up and down quark mass matrices, respectively. Furthermore it may be favorable that they are capable of leading to large leptonic 2-3 mixing (the atmospheric angle) via SU (5) relation. We have also found that there exist no solutions which explain large leptonic 1-2 mixing (the solar angle) at this level of minimality. Therefore the 6 patterns in Table 1 should be fitted to the experimental results for leptons by being combined with a relevant form of neutrino mass matrices. When a large atmospheric angle originates from the charged lepton sector, a more economical form of neutrino mass matrices is expected to be found compared to the analysis where the charged lepton mass matrix is flavor diagonal.
It is relevant here to comment on the existence of physically equivalent mass textures. They are obtained by permuting rows and/or columns of the mass matrices in Table 1 , i.e. by exchanging generation indices of u L , u R , d L and/or d R . There are two types of operations which change the positions of zero matrix elements while preserving physical consequences for mass eigenvalues and mixing angles: (i) the exchanges of generation indices of d R , and (ii) the exchanges of the same generation indices of u L and d L (and also u R for a symmetric M u ). Mass textures obtained by these operations are also viable in the sense that they successfully describe the quark-sector observables. Note that, if the quark mass matrices are embedded into unified theory, a permutation of columns of M d (i.e. of d R ) might affect physical quantity in the lepton sector since a right-handed down-type quark and a left-handed charged lepton are often unified in a single representation of unified gauge group. However in the analysis including neutrino mass matrix, a simultaneous exchange of generation indices of d R , e L , and ν L preserves physical predictions also in the lepton sector. Thus we conclude that it is sufficient to consider the 6 patterns presented in Table 1 and to examine all flavor patterns of neutrino mass matrices, some of which are related to each other by permutations of generation indices.
In addition to the above two operations (i) and (ii), there is an approximate 2-3 exchange symmetry in M d . In the parameter region where M u and M d properly reproduce the data of the quark sector, all M d in Table 1 lead to large 2-3 mixing of d R so that V dR becomes approximately invariant under the exchange of second and third rows. As will be seen, this feature would lead to some counterintuitive consequences in the analysis of neutrino mass matrices. We will mention this point in later discussion.
We have also found in the previous work the other possibilities of quark mass textures which have the same number of vanishing matrix elements (7 zeros) as the solutions in Table 1 :
All 4 (= 2 × 2) combinations of M u and M d well describe the present experimental data of the quark sector. An important difference between these 4 patterns and those in Table 1 is the structure of down-quark mass matrix: the matrices in (3.2) do not have the 2-3 generation mixture and thus no significant contribution to the atmospheric angle arises when the matrices are embedded into SU (5) framework. We checked that this fact actually needs non-minimal, complex forms of neutrino mass matrices. In this paper, therefore, we concentrate on the mass textures shown in Table 1 in the viewpoint of minimality.
The minimal mass matrix for charged leptons
In unified theory, it may be natural to assume matter unification which often leads to the same mass eigenvalues for down-type quarks and charged leptons. However when the observed values of these masses are extrapolated up to high-energy scale by renormalization group evolution, the following relations are found to be satisfied at the unification scale:
To reproduce these mass relations, especially for the first and second generations, it is needed to introduce some unified symmetry breaking which splits the properties of quarks and leptons. A typical example of such breaking effects is provided by group-theoretical factors [24] , which originate in Yukawa interactions involving additional higher-dimensional Higgs fields. In this subsection, we examine the embedding of the minimal quark mass textures into unified theory, taking account of the effect of symmetry-breaking factors. There might be other possibilities for realizing (3.3) such as contributions from higherdimensional operators, which bring the Yukawa sector additional free parameters to be tuned. These operators are also suppressed by the ratio between the unification scale and the gravitational scale. In connection with the minimality principle, we focus on the effect of group-theoretical factors which do not necessarily require additional parameters describing masses and mixing angles. Let us first closely examine the minimal down-quark mass matrix M d . There are 3 types of M d in Table 1 : M (1) d for Solutions 1,2, M (2) d for Solutions 3, 4, and M (3) d for Solutions 5,6. The mass hierarchy and mixing angles are properly reproduced with the following parametrizations:
where λ is a small parameter of the order of the Cabibbo angle (λ ∼ 0.2), andd,ē,f ,ḡ, h are dimensionless O (1) coefficients. It is found in Ref. [11] that the quark masses and mixing angles can be fitted by adjusting these coefficients. For any of the above forms of M d , the mass eigenvalues for the second and third generations satisfy
at the leading order of the expansion parameter λ. On the other hand, the mass eigenvalue of the first generation has rather different expressions:
In unified theory framework, the charged lepton mass matrix M e naively has the same form as M d , which does not lead to the correct mass parameters in low-energy regime. To resolve it, we introduce the group-theoretical factor [24] assuming Higgs fields in higherdimensional representations, e.g. 45 plet. of SU (5). That induces relative factors "−3" in M e compared to the corresponding matrix elements in M d .
It is first found from (3.3) and (3.7) that the elementh should be replaced with −3h in M e to bridge the gap between the strange quark and muon masses. Notice that the alternative choice, i.e. the factor −3 forḡ, may disturb the prediction m b ≃ m τ , and we do not consider such a possibility in this paper. As for the first-generation mass eigenvalues, the relation (3.3) tells us that the electron mass is suppressed by the factor 3 compared to the down-quark mass. It is seen from (3.8) that this suppression can be realized only for M (2) d with the replacementh → −3h. The replacementḡ → −3ḡ for M (2) , (3) d also gives the same suppression effect for the electron mass, but in this case, the bottom-tau unification does not follow. We thus find that to introduce a group-theoretical factor −3 for the elementh in Solutions 3,4 is the unique choice to properly reproduce the observed values of charged lepton masses at low energy. It may be interesting to notice that the resolution is economical in that a single attachment factor is sufficient to accommodate mass eigenvalues to the experimental relations (3.3) and no other modification is allowed for the minimal mass matrices. We have shown that only Solutions 3 and 4 embedded in unified theory are consistent with the observed values of down-type quark and charged lepton masses. Let us see whether these solutions have parameter space where all other experimental constraints including the flavor mixing angles are satisfied. In Figs. 1 and 2, we show the parameter regions in which the quark mass data (2.7) and the experimental results (2.8)−(2.10) are explained. The horizontal axis shows the 1-2 generation mixture of left-handed charged leptons and the vertical one the mass ratio m e /m µ . The horizontal dashed lines denote the observed value of m e /m µ at the electroweak scale. It is found from these figures that Solution 4 accounts for the observed data in the quark sector as well as the charged lepton mass relations, but Solution 3 does not. We numerically checked that Solution 4 does explain all the quark-sector constraints listed in Section 2 and also charged lepton mass eigenvalues.
There are two comments on the above analysis. First, Figs. 1 and 2 are drawn by using the experimental data at the electroweak scale. Since we are working in unified theory framework, the mass matrices are supposed to be given at the unification scale and should be compared to the data at that scale. However the conclusion obtained from Figs. 1 and 2 are stable against renormalization group effects. This is because radiative corrections to (V eL ) 21 and m e /m µ do not involve any large coupling constants, and these quantities are almost energy-scale independent. The second is the prediction for the mixing matrix element (V eL ) 21 , i.e. the 1-2 generation mixing of left-handed charged leptons. It is found from Fig. 2 that, for the successful Solution 4, it takes the value ∼ 0.07 at most, which is not so large to solely provide the observed value of the solar angle. This fact will play an important role in classifying neutrino mass matrices in later sections. In summary, we have found that only Solution 4 in Table 1 can be accommodated to the charged lepton masses without contradicting the observations in the quark sector (2.7)−(2.10), if a group-theoretical factor is properly applied. The minimal mass matrices for charged fermions are thus given by
An interesting prediction of this combination of M u , M d and M e is a large 2-3 mixing angle in the charged lepton mixing matrix V eL . In the parameter region where the experimental data of the quark sector is properly reproduced, V eL is approximately invariant under the exchange of the second and third rows. Therefore a neutrino mass texture which is obtained by exchanging the generation labels of L 2 and L 3 predicts almost the same physics as the original one.
Majorana mass matrices for left-handed neutrinos
In this section, we study the matrix form of left-handed neutrino Majorana masses. The Majorana mass matrix M L defined in (2.3) are derived in various ways, for example, from the higher-dimensional operator HHL T i CL j , the expectation value of electroweak triplet scalar field, etc. Keeping in mind such dynamical origins, we explore the minimality of effective mass matrix M L , combining it with the successful minimal textures of charged fermions (3.9) . Here we use the minimality in the same meaning as in Section 3, that is, the maximal number of zero matrix elements which is consistent to all the experimental results for quarks and leptons.
The would-be minimal forms
Let us first examine the minimality of M L by taking account of the information about neutrino mass eigenvalues only. Since only two mass-squared differences are measured in neutrino oscillation experiments, one of three-generation neutrinos can be exactly massless. Thus we expect that the minimal matrix M L would have one zero and two nonzero mass eigenvalues to reproduce the data (2.12) . This fact is a crucial difference from the texture analysis of quark mass matrices. Next, consider the neutrino generation mixing described by the matrix V ν which diagonalizes M L . As for the generation mixing, the solution (3.9) provides a large 2-3 mixing for the lepton sector. Furthermore we have found that the 1-2 mixing of charged leptons is not so large enough to explain the observed solar neutrino oscillation. Therefore the neutrino mixing matrix V ν must involve a sizable mixture between the first and second generations.
The above discussion about neutrino masses and mixing restricts the candidates for the minimal matrix to the following forms:
Note that these two types of matrices give different physical predictions since the basis of left-handed leptons is already fixed by M e . In addition to these matrices, there are two additional candidates for the minimal mass texture which are obtained by exchanging the second and third generation indices in (4.1). At first glance, it seems that those additional candidates provide only 1-3 generation mixing and do not work for viable solutions. However they should be included in the list since, as we mentioned before, the charged lepton mixing matrix V eL for Solution 4 is approximately invariant under the permutation of the second and third rows. Therefore a neutrino mass matrix M L always has such a doubling freedom while keeping physical consequences. In the following, we do not explicitly write down doubled candidates, though they are included in our analysis. The matrices (4.1) seem to satisfy the criterions for neutrino masses and mixing, but it turns out that they are impractical if combined with the minimal solution (3.9) . For example, let us see the first mass matrix in (4.1). (For the second matrix, a similar discussion can also be applied.) It is first noticed that the matrix predicts the spectrum that the third-generation neutrino is massless and the other two neutrinos should have almost degenerate masses. That is,
A non-vanishing off-diagonal element (V ν ) 12 is expressed in terms of the mass eigenvalues:
Thus the 1-2 mixing angle in V MNS is given by 4) up to tiny corrections of order O(10 −3 ). We have assumed (V eL ) 11 ≃ 1 and taken phase degrees of freedom in Yukawa couplings so that the last term in (4.4) is destructive to account for θ 12 < 45 • . The experimental value of θ 12 (2.12) gives a bound on the magnitude of charged lepton mixing: 0.13 < (V eL ) 21 < 0.32 (4.5) at the 3σ level. Therefore a crucial point required for the minimal mass matrices is whether a sizable contribution to (V eL ) 21 arises or not. We find from (3.9) an approximate analytic expression for charged lepton mixing: 6) which is not consistent to the bound (4.5) (and see also the numerical result, Fig. 2 ). The inequality (4.6) implies that the group-theoretical factor in M e prevents the mixing (V eL ) 21 from being large enough to fulfill the required value (4.5). In Fig. 3 , we present a typical numerical result of the combination of (3.9) and the first matrix in (4.1). All the other experimental constraints are satisfied in this figure. It is found that the 1-2 mixing of charged leptons cannot be so large, which confirms the above analytic result. In the end, the left-handed Majorana mass matrix M L (4.1) are experimentally disfavored at more than 3σ level.
The minimal mass matrix for Majorana neutrinos
We have shown that two would-be minimal patterns of mass matrices (4.1) are not suitable to explain the solar neutrino oscillation. Let us consider the next level of minimality for the Majorana mass matrix M L which has 3 vanishing matrix elements. There are 20 patterns of symmetric matrices with 3 zeros. By a detailed analysis of these 20 matrices, the following 8 patterns are found to be successful:
and four matrices obtained by exchanging the second and third-generation indices in (4.7). That is, the 8 matrices are classified into 4 types which are physically inequivalent. Any combination of (3.9) and one of these matrices is in accordance with the observed data of quarks and leptons (2.7)−(2.10) and (2.12) . In the following, we discuss in order the phenomenological implications of the minimal forms of M L (4.7). They have rather different predictions for physical quantities and can be distinguished. The predictions are summarized in the end of this section (see Table 2 ). The latter matrix (in the bracket) is obtained by exchanging the second and third labels of the former and has similar physical implications due to the approximate invariance of V eL as mentioned before. It is first noticed that the matrix (4.8) is able to provide only 1-2 neutrino mixing. Thus the physical mixing angle θ 13 is given by sin θ 13 = |(V eL ) 31 | ≃ 0.025 − 0.055 (4.9) for the minimal solution (3.9) . The numerical uncertainty mainly comes from those of the down and strange quark masses. As for the neutrino 1-2 mixing, we find an approximate relation:
where we have neglected O(10 −2 ) corrections from the charged lepton side.
In general, there are 3 types of neutrino mass spectrum allowed by the current experimental data: normal hierarchy (m 1 < m 2 ≪ m 3 ), inverted hierarchy (m 3 ≪ m 1 < m 2 ), and degenerate one (m 1 ≃ m 2 ≃ m 3 ). For the mass matrix (4.8) , the eigenvalues with normal hierarchy are expressed in terms of the observables in oscillation experiments: On the other hand, it is easily found from (4.10) that the inverted hierarchy and degenerate spectrum lead to a nearly maximal mixing angle sin θ 12 ∼ 1/ √ 2, and therefore cannot be predicted by the mass texture (4.8) . Finally, the effective Majorana mass for neutrino-less double beta decay is given by | m ee | ≃ ∆m 2 21 sin 2θ 12 tan 2θ 12 |(V eL ) 21 |, and is found to be small.
The latter in the bracket is the label-exchanged matrix from the former. Diagonalizing the mass matrix, we find the off-diagonal elements (V ν ) 12 and (V ν ) 13 are given by
. (4.14)
If the first-two generations are almost degenerate (m 1 ≃ m 2 ), i.e. for the inverted hierarchy or degenerate spectrum, the above relation indicates (V ν ) 12 ≃ 1/ √ 2. That is unfavorable for the solar neutrino data since the electron has only slight mixture to the other generations in the minimal solution (3.9) . On the other hand, for the normal hierarchy (m 1,2 ≪ m 3 ), the formula of (V ν ) 12 is reduced to the relation (4.10) at the leading order of m 1,2 /m 3 , and also the mass spectrum (4.11) is reproduced up to small corrections. In addition, the neutrino 1-3 mixing angle becomes at the leading order Thus sin θ 13 is of this order when there is no accidental parameter cancellation between the charged lepton and neutrino sectors, and would be detectable in future neutrino experiments. An important feature of this mass texture is a vanishing determinant, which predicts the inverted hierarchy with a massless third-generation neutrino. As for the mixing angles, no 1-3 neutrino mixing follows and the physical lepton 1-3 mixing is therefore given by sin θ 13 = |(V eL ) 31 | ≃ 0.025 − 0.055 (4.17) for the minimal solution (3.9) . Since the matrix has 3 free parameters for the firsttwo generations, there are no predictive relations, in particular, for the lepton 1-2 mixing angle. It is also interesting to notice that the 1-1 element of the matrix is nonzero, which might give a sizable rato of neutrino-less double beta decay (0νββ). With a massless third-generation neutrino, the averaged mass parameter responsible for 0νββ is evaluated as 18) where ρ and σ are the Majorana phases of neutrinos in V MNS , and we have used sin θ 13 ≪ 1. In the parameter region where the experimental data (2.12) is explained, the averaged neutrino mass takes the value | m ee | ≃ 0.0084 − 0.058 eV. The planned improvements in the sensitivity to such a small mass parameter are expected to reach | m ee | ∼ O(10 −2 ) eV [25] , and this type of minimal matrix will be testable in near future. 4.19) This matrix also has a vanishing determinant. We find that it predicts the spectrum with normal hierarchy and a massless first-generation neutrino. The inverted mass hierarchy is not allowed since (V ν ) 12 ≃ 1/ √ 2 in the parameter region where the CHOOZ bound in (2.12) is satisfied, which leads to a too large solar angle. Another point of the matrix (4.19) is that it induces a relatively large value of lepton 1-3 mixing angle. For the normal hierarchy spectrum, one obtains a relation in the neutrino sector: 20) which gives the following prediction among the observables: Table 2 : The predictions of the minimal Majorana mass matrices M L with the minimal solution (3.9) . A matrix obtained by exchanging the second and third labels in each solution is also available which has almost the same physical predictions as the original one. In the first line, m 1,2,3 are the mass eigenvalues, and m ee is the averaged mass parameter for neutrino-less double beta decay.

up to small corrections from the charged lepton sector. Substituting the experimental data (2.12) for the right-handed side, we roughly obtain sin θ 13 ≃ 0.18 − 0.32, which is marginal to the current experimental upper bound. The effective Majorana mass is predicted to be small:
eV, if taken account of the experimental bound on θ 13 .
The minimal mass matrices in the seesaw scenario
In the previous section, we have investigated possible forms of the Majorana mass matrix of left-handed neutrinos without referring to underlying mechanisms which realize tiny neutrino masses. One of the most attractive schemes for light neutrinos is the seesaw mechanism [26] to introduce heavy right-handed neutrinos and consider the following mass terms:
where ν R i denote right-handed neutrinos which are singlets under the standard model gauge group, Y ν is the neutrino Yukawa matrix, and M R the Majorana mass matrix of righthanded neutrinos. If mass eigenvalues of M R are sufficiently larger than the electroweak scale, one obtains effective Majorana mass matrix of left-handed neutrinos at low-energy regime:
where M ν is the neutrino Dirac mass matrix:
In this section, we examine the minimality of two mass matrices M ν and M R , that is, the minimal (total) number of zero matrix elements which are compatible with the experimental data. Note that the minimality of M ν and M R is different from that of M L : as will be seen, the minimal forms of M ν and M R do not necessarily lead to those of M L found in the previous section. Therefore these two analyses of minimality should be independently performed. We assume that there exist no sterile states in the light spectrum. That implies the Majorana mass matrix M R has a non-vanishing determinant, which is a contrast to the previous analysis where M L may have a vanishing determinant. It is seen from the seesaw formula (5.2) that any exchange of the generation indices of right-handed neutrinos does not change physical consequences at low-energy regime. Further the label exchange of left-handed neutrinos ν L 2 ↔ ν L 3 also gives additional viable textures because of the approximate 2-3 exchanging symmetry of V e as noted before. In the following, we do not particularly mention physically-equivalent label-exchanged matrices, though the results should always be interpreted as including such additional solutions.
It is first noticed that the minimal form of M R with a non-vanishing determinant has 4 independent zeros. There are 3 types of matrix forms with such symmetric 4 zeros:
They are related to each other by permuting generation labels. The Dirac mass matrix M ν must have at least two nonzero eigenvalues to account for the neutrino oscillation data. Therefore M ν with 7 vanishing entries are the simplest candidates for minimality. There are 3 classes of such rank-two matrix M ν with 7 zeros:
All the other matrices obtained by exchanging rows and/or columns need not to be included since the relabeling effect is already taken into account in M R (5.3). It is easily found that, via the seesaw operation (5.2), any combination of 4-zero M R (5.3) and 7-zero M ν (5.4) gives an effective Majorana mass matrix M L with only one mass squared difference, and therefore is excluded by the oscillation experiment results. The next simplest candidate is the combination of M ν and M R with 10 vanishing matrix elements in total: 6-zero M ν + symmetric 4-zero M R and 7-zero M ν + symmetric 3-zero M R . We examined all matrix patterns whether they can totally fit the experimental data of quarks and leptons, and found that the following mass textures are almost successful:
• M ν with 6 zeros + M R with symmetric 4 zeros
(5.6)
• M ν with 7 zeros + M R with symmetric 3 zeros
In addition to these, the relabeling of generation indices of ν R i in both M ν and M R gives mass textures which have the same physical consequences. It is easily shown that all the above combinations lead to the Majorana mass matrix M L of the form (4.1). Thus from the discussion in Section 4.1, the solar angle θ 12 is found to be larger than the observed value, when the neutrino mass matrices are combined with the minimal mass matrices of charged fermions (3.9) in unified theory. Consequently, we are lead to the minimal mass matrices of neutrinos in the seesaw scenario: M ν and M R , which are compatible with the charged-fermion sector (3.9), contain 9 vanishing elements. There are 3 classes of such neutrino matrices:
• M ν with 5 zeros + M R with symmetric 4 zeros
• M ν with 6 zeros + M R with symmetric 3 zeros
• M ν with 7 zeros + M R with symmetric 2 zeros
We exhausted all possibilities of these classes and found a variety of successful neutrino mass textures. In the case of 5-zero M ν and 4-zero M R , 12 patterns of mass textures are consistent with all the observables for leptons as well as quarks (2.7)−(2.10) and (2.12) in collaboration with the minimal mass matrices (3.9) . Note that the result includes 2 patterns of M ν and M R which do not lead to the minimal form of M L (4.7) but successfully describe all the observables. In the case of 6-zero M ν and 3-zero M R , we found 25 available mass textures and, for 7-zero M ν and 2-zero M R , only 6 patterns are viable. It may be interesting to note that each texture predicts a definite pattern of neutrino mass spectrum: there is no matrix form which explains the observed data both with the normal and inverted mass hierarchies.
The list of the minimal neutrino mass matrices in the seesaw scenario are summarized in the appendix. We also present for each solution the resultant Majorana mass matrix M L , possible mass spectrum, and some phenomenological implications, which might play a key role for the matrices to be testified.
Phenomenological implications of minimal mass matrices
In the previous section, we have found considerable patterns of seesaw-type mass textures compatible with the current experimental data. To reduce such a wide possibility is an issue of great importance to our purpose to find the minimal form of mass matrices, which might reveal a deeper understanding of the structure of Yukawa couplings. A possible physical difference among the matrix patterns would appear in yet unknown phenomena involving right-handed neutrinos. In the following, we discuss flavor-violating decay of charged leptons and the baryon asymmetry of the universe via thermal leptogenesis for typical examples of mass matrices in order to clarify some physical differences among the viable seesaw mass textures.
Flavor-violating decay of charged leptons
Flavor-changing couplings in the lepton Yukawa sector generate the observable sign of neutrino flavor oscillations. Other physical effects are possible in physics beyond the standard model and helpful to discriminate the patterns of Yukawa matrices. A well-known example we will discuss below is that, if the theory is supersymmetrized, flavor violation in Yukawa couplings is translated to off-diagonal components of scalar masses through radiative corrections. That could induce sizable rates of flavor-changing rare decays for charged leptons [27] even with the flavor-universal condition for supersymmetry-breaking couplings motivated by the minimal supergravity theory.
There are three types of supersymmetry-breaking parameters relevant to the analysis: the mass parameters of gauge fermions M λa (a = 1, 2, 3), the mass and trilinear couplings of scalar partners of quarks and leptons, (m 2 x ) ij and (a y ) ij (i, j = 1, 2, 3). The latter two couplings have generation indices i, j and would be additional sources of flavor violation. In the following, we take, as a conservative assumption, the flavor-universal boundary conditions at some high-energy scale Λ: (m 2 x ) ij = m 2 0 δ ij and (a y ) ij = a 0 δ ij . However the flavor universality is disturbed at quantum level by loop corrections involving scalar quarks and leptons. For example, the renormalization-group running from Λ down to the right-handed neutrino mass scale induces off-diagonal elements of left-handed scalar lepton masses:
The neutrino Yukawa matrix Y ν is evaluated in the generation basis where the charged lepton Yukawa matrix Y e and right-handed Majorana mass matrix M R are flavor diagonal [M Ri are the (positive) eigenvalues of M R ]. With non-vanishing off-diagonal elements at hand, flavor-violating processes such as µ → eγ and µ → e conversion in nuclei generally occurs through the mediation of scalar leptons in loop diagrams. The branching ratio for the µ → eγ decay is usually dominated by the gaugino-higgsino mixing diagram, and is roughly estimated as 2) where α is the fine structure constant, and m W and M susy denote the mass scales of the W boson and typical superparticles in the loops, respectively. The decay rate is enhanced by tan β, the ratio of vacuum expectation values of two Higgs doublets in minimal supersymmetric models. In the numerical evaluation below, we will also include all other contributions to the µ → eγ decay amplitude. The flavor-violating decay of the muon might be therefore observed if sizable flavor-changing supersymmetry-breaking couplings are generated through radiative corrections which depend on the structure of lepton Yukawa matrices.
For illustrative examples, we take two types of minimal mass textures, which have been found in the previous section to be consistent with the current experimental data, and study their predictions for charged lepton rare decay, in particular, for µ → eγ. The first example is a combination of textures (see Table 3 in the appendix),
All the parameters can be made real and positive by phase rotations of neutrino fields. After integrating out heavy right-handed neutrinos, one obtains effective Majorana mass matrix for light neutrinos: 4) wherev is a vacuum expectation value of the Higgs field which gives neutrino Dirac masses. This matrix M L takes one of the minimal forms found in Section 4.2 [the matrix (4.8) ]. According to the physical predictions presented there, we find that several (combinations of) parameters are fixed by the observables: 5) neglecting O(10 −2 ) corrections. The atmospheric neutrino oscillation is explained by the charged lepton sector, and leads to no significant restriction on the neutrino side. With the textures (6.3), a pair of off-diagonal elements of scalar lepton mass matrix is radiatively generated through renormalization-group running, which is found to be proportional to 
GeV and a 0 = 0 at the unification scale. The branching ratio is scaled with tan 2 β, and here we assume tan β = 10.
Notice that, since the first-two generation right-handed neutrinos are degenerate for M R (6.3), the basis rotation which diagonalizes M R is canceled out in the expression (6.6). In the limit p = r = s, the experimental relations (6.5) are still satisfied with appropriate values of other parameters, while the off-diagonal element (6.6) does not vanish and gives rise to a unsuppressed decay rate of µ → eγ proportional to q 2 . Figure 4 shows a numerical result of the µ → eγ decay rate for the texture example (6.3) . In this figure, the neutrino Yukawa couplings p, r, and s vary between 0.1 and 1, while the other parameters q, t, and u are fixed so that the neutrino oscillation data is reproduced. We assume, as an example, the universal mass parameter m 0 and gaugino masses M λ 1,2,3 to be 800 GeV at the unification scale, and tan β = 10. It can be seen from the figure that, for larger values of Yukawa couplings, the flavor structure (6.3) is already excluded by the absence of experimental signature of charged lepton rare decay.
Another texture example we consider is a combination (see Table 4 in the appendix),
All the matrix elements can be made real and positive. It may be interesting to note that, among the minimal forms of neutrino mass matrices presented in the appendix, only this texture example leads to the same form of M L as the previous one (6.3) . This is because the minimal mass matrices (6.7) are chosen for the second example as a comparison. In the present case, the induced Majorana mass matrix for light neutrinos is 8) which is of the identical form to the first example and gives the same predictions for neutrino masses and mixing angles. However the flavor structure of neutrino Yukawa matrix is different from (6.6): 9) which contains 3 free parameters p, q, and r. The other matrix elements are determined by the physical observables similarly to (6.5) . The off-diagonal element (6.9) describes induced flavor-violating masses of scalar leptons approximately in the situation that there is no large mass hierarchy among the right-handed neutrinos. Note, in the present case, that one can take the limit p = q = r without being incompatible with the experimental data, which limit suppresses the amplitude of µ → eγ up to tiny contribution from right-handed scalar lepton masses. Thus the textures (6.7) generally tend to predict smaller branching ratio of charged lepton rare decay even with large neutrino Yukawa couplings of O(1).
In Figure 5 , we present a numerical result of the µ → eγ decay rate for the texture example (6.7) . In this figure, the neutrino Yukawa couplings p, q, and r vary between 0.1 and 1. The supersymmetry-breaking parameters are taken to be the same as in Figure 4 . The figure shows that the branching ratio can be suppressed (< 10 −12 ) even for a relatively large Yukawa coupling (0.4 < p < 1), which fact makes a sharp contrast with the first texture example (see Figure 4) .
In this way, the measurement of flavor-changing rare decay of charged leptons would be able to split the degeneracy of possible texture forms of neutrinos.
Thermal leptogenesis
Another interesting physical effect of neutrino mass textures comes from the existence of high-energy CP violation in the Yukawa couplings. That is, in some classes of texture forms, there remain complex phases of couplings which cannot be rotated away by the redefinition of neutrino fields. Such phase degrees of freedom may explain the baryon asymmetry of the universe through the thermal leptogenesis [28] .
Let us consider the following texture form, which is one of the minimal neutrino mass matrices found in Section 5 (see Table 3 in the appendix): (6.10) To study CP-violating effects, it is convenient to reduce the phase degrees of freedom in the Yukawa couplings. In the above matrix forms, we have taken a basis where all the 
This form of M L predicts the inverted mass hierarchy of neutrinos, detectable neutrino-less double beta decay, and low-energy CP-violation in future neutrino oscillation experiments which is found to be proportional to sin(φ+φ e ) cos φ, where φ e originates from unremovable phases of charged lepton Yukawa couplings. The CP asymmetry generated in the decay of the i-th generation right-handed neutrino is described by the quantity 12) and the resultant leptonic asymmetry η L [29] is evaluated as (6.13) where κ i are the factors which represent wash-out effects governed by the Boltzmann equations, and g * is the number of relativistic degrees of freedom. An approximate analytic expression for the factor κ i is given by (6.14) if right-handed neutrinos are enough strongly coupled to the thermal bath:m i > 10 −3 eV. The electroweak anomaly which is in thermal equilibrium at the temperature 10 2 ∼ 10 12 GeV converts a part of B − L asymmetry into B asymmetry in such a way that η B = −28/51 × η L in the standard model [30] . In addition to the existence of CP-violating phase, the matrix forms (6.10) are also interesting in that the right-handed neutrino masses are degenerate in the first and second generations. Such a degeneracy is known to enhance the leptonic asymmetry with selfenergy contribution in the decay of right-handed neutrinos [31] . That helps to achieve the observed range of the baryon asymmetry with relatively light right-handed neutrinos, which is reasonable from a viewpoint of the cosmological problem of unstable gravitino in supersymmetric theory [32] . We discuss below the possibility of such enhancement of lepton asymmetry for the textures (6.10) .
In the region where ν R 1 and ν R 2 are nearly degenerate in mass, the CP-asymmetry parameters are well approximated as [31] 15) where
The mass eigenvalues of righthanded neutrinos M R i are taken to be real and positive. It is noticed that there exist the regulating terms, A 2 11 and A 2 22 , which come from the resummation of self-energy diagrams. If the degeneracy of two heavy Majorana neutrinos is exact (R → 0), the asymmetry parameters (6.15) vanish. In the present case we are discussing, the matrix M R (6.10) means the equal mass eigenvalues for the first-two right-handed neutrinos. However such an exact degeneracy may be relaxed, for example, by radiative corrections from other sectors such as Y ν . In fact, a required order of mass splitting is generally small and could easily be realized. We define the parameter ξ to describe the degree of degeneracy for M R 1 and M R 2 : (6.16) Using (6.14) and (6.15) , we can calculate the baryon asymmetry. The predicted baryon asymmetry as the function of ξ is shown in Figure 6 . The red-solid, green-dashed, and bluedotted lines show the predictions for M R 1 ≃ M R 2 = 10 5 , 10 7 , and 10 9 GeV, respectively. The other masses and Yukawa coupling constants are determined so that the results from neutrino oscillation experiments are satisfied. As seen from the figure, the observed baryon asymmetry of the universe η B = (6.2 − 6.9) × 10 −10 [33] is reproduced for each parameter set with a small mass splitting ξ. Recent studies on the decay of gravitino suggest that the reheating temperature of the universe is preferred to be less than 10 7 GeV for successful bigbang nucleosynthesis with the unstable gravitino lighter than 10 TeV [32] . We here found GeV), respectively. For other parameters, we take that the structure of mass matrices (6.10) is capable of explaining the observed baryon asymmetry while solving the cosmological gravitino problem. It would be an interesting task to analyze the other minimal forms of neutrino mass matrices presented in the appendix whether they can reproduce the proper value of η B in the leptogenesis scenario.
Finally we comment on the leptonic CP violation. In Figure 6 , we have set the unremovable complex phase in the Yukawa couplings as φ = π/2. This does not lead to low-energy CP violation in future neutrino oscillation experiments, which is proportional to cos φ. However that is just an illustrative example, and the detailed analysis of CPviolating effects discriminating possible forms of minimal lepton mass matrices is left to future investigation.
Summary
In this paper, we have studied mass matrices of quarks and leptons in unified theory which have as many vanishing elements as possible. First we have found that the following form of mass matrices is minimal and consistent with the current experimental data of quarks and charged leptons, including the recent measurement of CP violation in the B-meson system:
Trivial exchanges of generation labels of Q i and u R i do not change physical predictions and lead to viable solutions. An interesting observation in the matrix form (7.1) is that it induces a large mixture of left-handed charged leptons between the second and third generations, which is suitable to the experimental results for the atmospheric neutrinos. Bases on this matrix form of charged fermions, we have investigated two types of mass matrices for neutrinos. The first analysis deals with the effective Majorana mass matrix M L of left-handed neutrinos. We have found that the following forms are minimal, i.e. contain the maximal number of vanishing elements:
Combined with (7.1), all current experimental results of quarks and leptons are explained. Trivial exchanges of generation labels of L i (and d R i in unified theory) in (7.1) and (7.2) do not change physical predictions and lead to viable solutions. In addition, the exchange of the second and third labels in M L also gives the matrices experimentally allowed, because of a large mixture of left-handed charged leptons between the second and third generations mentioned above. Each set of minimal mass textures predicts typical mass spectrum and generation mixing of neutrinos (Table 2) , and is therefore testable with precise measurements of masses and mixing angles in future neutrino experiments. The second type of our analysis introduces heavy right-handed neutrinos, and discuss the minimality of neutrino Dirac mass matrix M ν and Majorana mass matrix M R of righthanded neutrinos. In this case, we have found a variety of successful mass textures presented in the appendix, which are classified into three categories:
• M ν with 5 zeros + M R with symmetric 4 zeros (12 patterns)
• M ν with 6 zeros + M R with symmetric 3 zeros (25 patterns)
• M ν with 7 zeros + M R with symmetric 2 zeros (6 patterns) Integrated out heavy right-handed neutrinos, almost all the patterns effectively induce M L in the forms of (7.2) , but the other 5 patterns generate different forms of M L .
As typical phenomenological implications of the minimal mass matrices of neutrinos, we have discussed the µ → eγ decay and the thermal leptogenesis scenario. In the study of µ → eγ, some of textures are found to predict large decay amplitudes in natural parameter regions to reach the experimental upper bound. It also turns out that mass matrices with unremovable complex phases of matrix elements can explain the observed baryon asymmetry of the universe via thermal leptogenesis. In particular, some types of textures avoid an apparent inconsistency between viable thermal leptogenesis and the gravitino problem in supersymmetric theory by virtue of resonant behavior in the decays of righthanded neutrinos. Future neutrino experiments for low-energy leptonic CP violation and neutrino-less double beta decay would be expected to distinguish the minimal forms of quark and lepton mass matrices.
Appendix. The minimal forms of seesaw mass textures
In this appendix, we present the minimal forms of neutrino mass matrices in the seesaw scenario (see Section 5) . These matrices are consistent with the current experimental data of quarks and leptons (2.7)−(2.10) and (2.12) in collaboration with the minimal solution (3.9) for charged fermions.
The following tables show experimentally viable forms of M ν and M R . It should be noted that, in addition to the solutions presented in the tables, there are two types of additional matrix forms which are obtained by exchanging generation indices (rows and/or columns). The first is the label exchange of right-handed neutrinos. In the seesaw formula, the simultaneous exchange of the same generation indices of ν R i in M ν and M R does not affect physical consequences at low-energy regime. Secondly, since the charged lepton mixing matrix V eL is approximately invariant under the exchange of the second and third rows (ν L 2 ↔ ν L 3 ), the same exchange in M ν also gives available matrix forms.
In the tables, we show several results for each combination of neutrino mass matrices: "M L ", "spectrum", "CP", and "0νββ". The column M L shows the mass matrix forms of left-handed neutrinos effectively induced after the seesaw operation. In the column "spectrum", we present possible mass patterns of light neutrinos for each texture. The abbreviation NH denotes the normal mass hierarchy m 1 < m 2 ≪ m 3 and IH the inverted one m 3 ≪ m 1 < m 2 . The column "CP" shows that matrices contain unremovable complex phases, which may be required to implement the leptogenesis and also leads to low-energy CP violation in neutrino oscillation experiments. The symbol means that there exist phase degrees of freedom in M ν and M R which cannot be rotated away by the redefinition of neutrino fields, and × means the absence of such complex phases. Finally, for "0νββ", the symbol (×) implies that the averaged mass | m ee | is larger (smaller) than 10 −2 eV. The averaged neutrino mass for 0νββ is defined for the parametrization of the MNS matrix given in Section 2 as m ee = m 1 cos 2 θ 12 cos 2 θ 13 e −2iρ + m 2 sin 2 θ 12 cos 2 θ 13 e −2iσ + m 3 sin 2 θ 13 e 2iδ . Table 5 : M ν with 7 zeros + M R with symmetric 2 zeros.
